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Abstract

This note illustrates the connections between the Hessians of numerical opti-
misation problems, variance-covariance matrices for parameter vectors, and
the influence that data mismeasurement may have on parameter estimates.
Condition numbers provide a central guide to the sensitivity of common
numerical problems to data mismeasurement. Examples are provided that
clarify their importance. Two simple prescriptions arise from this analysis.
First, data must be of an ‘appropriate’ scale. In some cases this means that
the data need similar means and similar variances. Second, in numerical
algorithms it is desirable to ascertain the condition number of the Hessian
implied by the initial parameter values used for numerical optimisation al-
gorithms. Condition numbers are easy to compute and indicate whether the
updates from an initial starting value are likely to be poor.
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1 Introduction

This note illustrates the connections between the Hessians of numerical opti-
misation problems, variance-covariance matrices for parameter vectors, and
the influence that data mismeasurement may have on parameter estimates.
Section 2 briefly notes the connection between linear regression and the clas-
sic linear problem. Section 3 then illustrates how solutions to these problems
respond to data mismeasurement and provides an upper bound on the elas-
ticity of the solution to the mismeasurement. Section 5 then illustrates that
the linear problems may also feature in numerical optimisation techniques,
and the condition of such problems is particularly important.

Two simple prescriptions arise from this analysis. First, data must be of
an ‘appropriate’ scale. In some cases this means that the data need similar
means and similar variances, and ideally the dimensions of the data will
be orthogonal. Second, in numerical algorithms it is desirable to ascertain
the condition number of the Hessian implied by the initial parameter values
used for numerical optimisation algorithms. Condition numbers are easy to
compute and indicate whether the updates from an initial starting value are
likely to be poor.

2 The linear problem in linear regression

Consider the following system of linear equations:
b= Ax (1)

The desired solution from this linear equation is an estimate of x that satisfies
the relationship between b, A, and x, where b and A are known. Theoreti-
cally one can simply use the (possibly generalized) inverse of A to obtain the
solution x, but in practice, this inversion may be computationally challeng-
ing. Consider this problem in the context of linear regressions. For linear
regression the linear problem (1) is associated with the first order conditions
used to obtain the parameter estimates.

Denote the linear regression function:

y=W~y+e (2)



where y is a T" x 1 vector of the dependent variable; W is a T" X n matrix
of independent variables; v is the n x 1 vector of parameters and € is a
T x 1 vector of errors. The standard least squares approach to solving this
regression problem is to estimate v by minimising the sum of squared errors:!

de=(y—Wn)'(y—Wy)
which yields the following first order conditions with respect to :
Wy—-WWvy=0

Let b= W'y, A= (W'W) and x = ~. Then it is obvious that the first order
conditions are linear equations as in equation (1).

3 Perturbations in b, A, or z

In the linear problem described in (1) one can assess the sensitivity of results
to perturbations — or mismeasurements — in b, A, or x, or some combination
thereof. Judd (1999,67) explores the case where there is mismeasurement
only in b. In the linear regression case this corresponds to mismeasurement
only in the regressand. One could equally envisage a case where the mismea-
surement occurs in the regressor matrix A. Data mismeasurement is particu-
larly important in the context of computational economics. Since computers
can only store a finite number of digits when representing a number there
are limitations on computers’ ability to conduct operations accurately. In-
terestingly, the properties of A provide a bound that determines the effect of
the perturbations in each case.

3.1 Perturbations in b

Suppose that there are errors in b but no errors in A. In the linear regression
context this means that there can be errors in the dependent variable y but

1 Tt should be noted that there are other algorithms, such as using the QR decompo-
sition, which have better numerical properties for computing least squares parameter
estimates.



not in the regressors W. Let & be the solution of the system when b has been
subjected to an error db, ie
b+ db= Az

Let the error in & be defined as dz = (& — ). Then by the linearity of the
equation

0b=A(z —x)=Adx (3)
Implying that
A7Yb =61 = (T — ) (4)
The relative condition number (Trefethen and Bau, 1997) is:
1] . [[b] (5)
[l ol
where ||| denotes a vector norm (and the corresponding induced matrix

norm).?> Essentially, this is an elasticity. The denominator in this fraction

corresponds to a kind of ‘percent error’ in the data, while the numerator
corresponds to the ‘percent error’ in the parameter vector that we are trying
to estimate.? Ideally, this elasticity will be small, so that data errors (the
denominator) do not generate large errors in the parameter estimate (the
numerator).* Recall that we are trying to minimise the error in the solution
T, where x is the vector of parameters.

The above elasticity, the relative condition number, is related to the condition
number of the matrix A = W’'W. In other words, we need to worry about
the properties of A in assessing the vulnerability of our solution to data

2 A vector norm ||-|| is a functional on an m-dimensional complex space, ||| : C™ — R,
that has the following properties, ¥ vectors  and y in the space: i) [|z|| > 0 , with
equality <= z = 0; ii) |Jaz| = |a| - ||z]| V scalar «; iii) ||z|| + |ly]| > ||= + y||.-The
inner product is a norm; ie if x is a vector of dimension k then ||z| = (Zle xf)

IAz] )

(P

and [-[|,,) are norms on the range and domain of A € C™*". Equivalently [|A[[,, ) =

is a norm. An induced matrix norm ||A||(m7n) = SUD{ecn 20} , where ||.||(m)

SUPzecn o)y =1} 1A%l (m)-

These errors will depend on the choice of norm. Higham (1996) refers to the numerator
as the ‘forward error’ and the denominator as the ‘backward error’.

Golub and Van Loan (1996, 80-2) use calculus to discuss the sensitivity of = to pertur-
bations in A and b and its relation to the condition number when A is square. See also
chapter 7 of Higham (1996).



mismeasurement. For a square matrix A the condition number is cond(A) =

1AL - 1A
The elasticity of interest (5) is bounded by cond(A):?

loell _ [1ab]
=+~ —— < cond(A 6
Il ol (4) ©)

In a linear system the identity matrix, or a scalar a transform thereof, has
the smallest possible condition number from induced norms; the condition
number is 1.5 The condition number is thus a measure of ‘closeness’ to the
identity matrix ideal.

3.2 Perturbations in A

Suppose that the data mismeasurement is in A rather than b in equation (1).
As Trefethen and Bau (1997, 95) show,

[oz]| , ||6A] o
———— < ||A All = cond (A 7

Thus, the effect of mismeasurement in A on the computed solution for x still
depends on the condition of A. And when A is square and nonsingular, the
relative condition number of the problem is simply cond(A).

3.3 Perturbations in z

Perturbations in z have the same condition number as perturbations in b.
This can be derived by noting that © = A~!'b, which is mathematically
equivalent to b = Az, except with A™! replacing A (and with the vectors
switched). But we know that the condition number of this problem is as
before: || Al ||A7L].

% See Trefethen and Bau (1997).
6 An orthogonal basis, such as { (1) (1) } will also have a condition number of 1, but such

a basis could not arise in typical econometric applications.



3.4 Choosing norms to obtain condition numbers

Ideally we would like to obtain bounds that are independent of the choice
of norm, but such results are not generally available. For the L, norm
cond (A) = Z- where 01 is the largest singular value of A and 0, is the small-
est singular value from the singular value decomposition of A (Trefethen and
Bau 1997, 95). In practical applications Judd (1999, 68) proposes using the
ratio of largest to smallest eigenvalues — the spectral condition number —
in place of cond (A). However, Golub and van Loan (1996) note that the
largest and smallest eigenvalues are bounded by the largest and smallest sin-
gular values, which suggest that the ratio of singular values may be a better
choice for calculating a condition number for a problem.”

Return momentarily to the computational problem associated with digital
computing. Suppose that cond(A) = k x 10°. Then as a numerical rule of
thumb, j digits of precision are lost in calculating x. Since we only want a
rough idea of the magnitude of j the exact choice of norm used to calculate
the condition number may not matter. Using Hilbert matrices, which are
known to be ill-conditioned as the dimension of the matrices increases, Judd
(1999, 69) illustrates that there is a large degree of agreement on j for the
condition number from the matrix norm induced from ||z|| = mazi>;>m|x;|
and the spectral condition number. Similarly, for the Hilbert matrices the
value of j from the ratio of eigenvalues and the ratio of singular values only
differ by at most one digit, and that occurs when j is around 17.%

4 Hessians and condition numbers

Consider Hessians in the context of the linear model equation (2) above.
The Hessian is the matrix of the second derivatives of the objective function
(say the sum of squared errors) relative to the parameters. Ie let the sum of
squared errors, SSE be the following function:

Sici(€)’ = SSE = f(y,W;7)

7 The Gauss cond() command is the ratio of largest and smallest singular values, not
the ratio of eigenvalues.
8 Using double precision arithmetic in Gauss to calculate these ratios.



Then the first order condition (the gradient) is:

%ﬁ) =FOC =W'y —W'Wxr

and the Hessian is:

*f ()

07?2

But we know that, for numerical reasons, we want A to be as close to an
identity matrix as possible. Thus, we want the Hessian to be close to an
identity matrix (the minus sign can be thought of as a redundant scalar).
That is, we want the Hessian to have a small condition number that is close
to 1. Since the Hessian in the linear regression model is W'W, we (ide-
ally) want the columns in W to be orthogonal and we want the diagonal
elements of W/IW to have the same scale. Assuming that the columns of
W have the same means, then we also require that the columns of W have
(approximately) the same variances. This requirement parallels the desire
for independent variation in experimental design (so that individual effects
can be established).

= —W'W=—A

In a maximum likelihood context, the inverse of the expected value of the neg-
ative of the Hessian provides the Cramer-Rao lower bound on the variance-
covariance matrix of the parameter estimates. There is thus a natural connec-
tion between the variance-covariance matrix of the parameters, the Hessian,
and the conditioning of the maximum likelihood problem. Large variances
imply imprecise parameter estimates. The arrival of new data, or data mis-
measurement, can lead to substantial change in parameter estimates if the
variance-covariance matrix is ill-conditioned.

5 Hessians in nonlinear optimisation: An ex-
ample

The Gauss-Newton method for finding the minimum of a nonlinear function
provides another example that illustrates the importance of the Hessian (see
Davidson and MacKinnon 1993, 201-3 for discussion of this maximisation
algorithm). Suppose that we have a nonlinear function @ () and we want
to minimise or maximise the function. One approach is to pick a starting

6



parameter vector #Y) and take a second order Taylor series approximation of
Q (6*) around 6V where 6* is the argmax of @ (6). Ie,

6M) + g (9(1)>’ (" — W) (8)

Q") ~ @
+= (67— 0O H (60) (9" — o)

1

2

The first order condition of the RHS with respect to 6* is:
g (0W) +H (6W) (0 - 0W) =0

But, self-evidently, this is just a linear function as in equation (1), with

b = —g (W) +H (6W) oW
= H (o)

r = 6

Since the RHS of (8) is only an approximation to the LHS, except where
the function is indeed quadratic, there are implicitly higher order terms that
are functions of 6%, say ¢ (6*). Thus, the term b is misspecified, since it
should include ¢ (0*). Therefore the function evaluated at 6* is unlikely
to minimise @ () exactly. Consequently, we set #?) = * and continuing
iterating (replacing 6 with 6, 9 etc). To minimise the susceptibility
of our parameter estimates at each iteration to the mismeasurement ¢ (6*),
we want the Hessian evaluated at each ) for i = 1,2, ... to have condition
numbers that are close to 1.

6 Summary

This note illustrates why the condition number of the Hessian is so cru-
cial when optimising functions. In analytical optimisation techniques the
condition number of the Hessian indicates the susceptibility of a parameter
estimate to data mismeasurement or indeed to the arrival of new informa-
tion. With digital computers numbers are approximated with a finite number
of digits and hence all numerical problems are susceptible to data mismea-
surement. In numerical optimisation a ‘poorly conditioned Hessian’ implies



that one will not get very accurate estimates of # 0% . and this means

that numerical optimisation algorithms may take a long time to converge
to solutions, if they converge at all. Given the importance of conditioning
in numerical maximisation methods, it is likely to be desirable, when con-
sidering starting values, to calculate the condition number of the relevant
Hessian to determine whether the start value is in fact reasonable. The
Hessian is of course a function of both the parameters and the data. In some
cases condition numbers can be improved by ensuring that both the mean
and variances of the underlying data dimensions are of similar scale. If the
Hessian is found to be ill-conditioned, then one needs to consider whether
it is possible to rescale the data to improve the properties of the Hessian.
To understand how such transformations might be implemented, analytical
representations of the Hessian are likely to be highly desirable.
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